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We examine the case of resonance for systems close to nonlinear systems, admit-
ting of a parametric periodic solution, Among the eigenvalues of the matrix of
the system's linear part there are zero and pure imaginary ones, We have proved
(under certain conditions) the absence of a periodic solution for the original sys-
tem for which the generating solution is trivial,

1, Consider the system

deidt Az + X (ry + ”F (t, 7, n) (1.1)

Here x is an (l 4 n)-dimensional vector, A is a constant matrix, X is an analytic
function of » in a sufficiently small neighborhood of the origin (of order no less than
second); the function F depends analytically on .+ and on a small positive parameter
p, F is continuous and 2 -periodic in /, Let the equation

A —Lip]l =0 (1.2)
have ( [ — 2m ) zero roots and 2m roots of the form
+NAY =1 G=1,...,m (1.3)

(where N ; are integers), and for u = 0 let system (1,1) admit of a periodic solution
with period T' , depending on an arbitrary constant vector o

o = col (&, .... %) (1.4)
T =207 (1 + A (@) (1.5)

We accept that for all the chosen eigenvalues of matrix A the elementary divisors are
simple and that among the numbers N ; at least one equals unity,

We consider the question of the existence of periodic solutions of Eqs, (1.1), z (7, 1,
x (¢, 0) =0, under the conditions of principal resonance [1], when it is known that
there are no solutions which can be expanded into series in integral powers of . The
existence of a parametric periodic solution of Egs, (1,1) for p = 0 with period (1, 5)
can be ensured, for example, by the presence of ¢ — 1 first integrals [2]. Equations (1,1)
are of a more general class of systems than those close to Liapunov systems [1, 3], In a
formulation other than that in [1] the latter systems have been treated in (*) and in
[4]. In [5]in the analysis of Eqgs, (1,1) it was assumed that A in (1, 3) is an integer,

In the present paper we investigate the case when ) is not an integer, but among the
quantities N;Athere are ( m — r ) integers 4y, ..., gm~,. (Among the numbers g; there

*) Kleimenov, A, F,, Oscillations of Time-Lag Systems Close to Liapunov Sys-
tems, Candidate Dissertation, Sverdlovsk, 1969,
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can be multiple ones; we exclude the case [5] when all the numbers ¢; are multiples
of one of them), Then system (1,1) can be written as

dv/dt = Bv + V (v, z) + pnP (1, v, z, p) (1,86)

dz/dt = Cz + Z (v, z) + pQ (¢, v, 2, B) 1.m
0 —q

B = diag (B, By, - . -, Bu-r), B; = a 0 n (1, 8)

(=1, ..., m—r)

Here v is an (I — 2r)-dimensional vector, z is an (n - 2r)-dimensional vector, the
functions V, Z, P, Q are of the same type as X, / in(1,1), B, is the zero ({l —
2m)%(l — 2m))-matrix among the eigenvalues of matrix €' there are no quantities of
the form - ¢ ¥ =1 and g is an integer, In the case being considered ECl—2r
in (1,4) since at p = 0 we can investigate, instead of (1, 6), (1, 7), the followmg sys-

t
o dvldt = Bv + V (v, z (v))
where z =z () is a solution of the equation

(0z/dv, (Bv+V)) =Cz+ Z

In what follows we use the following notation:
a) ¢ (&) and ' () are the matrices of periodic solutions of the system
dv/di = Bv
and the matrix adjoint to it;
b) Py is the integer closest to A (Pg 5= 0);

¢) v=col(W®, v®), v =col (v, ..., Vi_gm)
v® = col (Vicam 41+« «1 Vicgr)

(the same notation is used below for some other functions);

dy [F () =f(@2xn) — 7 (0)
We assume that the condition of principal resonance [1, 5]
2
6=col (8, - - -, Brar) = o § V(O P@E0,0,00dt£0  (1.9)

is satisfied, 0

2., Theorem 2,1. Ifamong the numbers ¢y, ..., §m—, there are no multiples
of the quantity A (A — py) ™" and the conditions

VO, 0 =0, &%=£0 (2.1

are satisfied, then system (1. 6) does not have periodic solutions z (¢, w), z(t, 0)=0

For example, we can assume that the first of the conditions (2, 1) is satisfied if there
exist a necessary number of integrals for Eqs, (1.6),(1.7) at p = 0 [3, 5],

Under condition (1, 9) a periodic solution in integral powers of i does not exist, Let
us prove the absence of periodic solution in fractional powers of . The proof is carried
out by the scheme used in [1, 5]; we indicate the main features, The desired periodic
solution of Eqs, (1.6), (1, 7) with the initial conditions v (0) =, z (0) = B, where
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P is a sufficiently small constant vector, is written as

U(t’ o, Bv “‘) = (P(t)q'+ vy (¢, @, 8) +w Z A(V)(t’ o, B) -+ “2(' ) (2.2

V20
z (t, o, ﬁv H) :f(t)ﬁ + Zy (t, &, f’) ’JF” Mu ()

Here vy, 2y, A® are analytic functions of o, P (the order of Uy, 2y is no less than
second, the order of A®™ equals v), f () issome((n -+ 2r) X (n 4 2r))-matrix,
depending on i.
We have [1, 5 : .
(ol 4] =248, 2(4,0,p,0)=0 Z(»0)=0 (2.9

From the periodicity conditions [z] = 0 we define, with due regard to (2, 3), the ana-

lytic vector B =B (a p), B (a,0) =0
and we substitute into the equation [#] =0 having the form
v (21, o, P («,0),0) —a+ n@nd + @ (o, n)) =0 2,4)

where (@ is an analytic function of «, u. Using formula (1, 5) we replace the quantity
27 in the following manner :

an =peT 4+ Q, Q =u— 2n1p, A (&)

% =2n (b — pt

After an expansion into a series in powers of { (with due regard to Eq, (1, 6)) condition
(2,4) takes the form
1
2 o BYlat -+ p(2a8 + D (e, ) =0 (2.5)
n=1 !
where we have not written out terms of higher than first order in «. Using formula
(1, 8) we compute the coefficient of o ,i,e, the absolutely-convergent matrix series

) 4 by expo) 1 = diag @

7 =1
I = diag(Ty, - - -, o)y s = :j :Zz - ;::;jf 1‘
(=1, ..., m—r)
In notation (c¢) Eq. (2. 5) can finally be written as the system
pR (@, p)=p@n8Y + 0¥ (@, p) =0 (2.6)
To® 4 .. 4 p (218 + O (@, p) =0 @7

In Eq, (2, 6) terms not depending on u vanish by virtue of the first condition in (2,1)
and of the equality § («, 0) =0).

Under the condition that among the numbers ¢y, ..., ¢m—r there are no multiplesof
the quantity A (A — Py) ™, we have
M7
IT]=2"" J] (1 —cosxug)z0
i=1

From Eq, (2.7) we find the analytic vector
a® = o® @, p), o®©,0=0 (2.8)
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and we substitute it into (2,6), We obtain the condition
R* (a(l), p) = 2“6(1) _+_ CD?.) ((1(1), p) —_ O

which no vector a® (pu), a® (0) =0, can satisfy (under the resonance conditions
8@ = 0). We note that the conclusion obtained is valid for any § <l — 2r in (1.4),

3, If the first condition in (2,1) is not satisfied, then terms independent of . are
present in (2, 6), Consequently, the following theorem is valid,

Theorem 3,1, If among the numbers ¢;, . .., ¢,-, there are no multiples
of the quantity A (A — py4) and V@ (v, 0) 5= 0, then the number and the form of the
desired periodic solutions (in fractional powers of W) of the system (1,6), (1,7) are de-
termined by the number and the form of the solutions of the new Eq, (2, 6) (after the
substitution of (2, 8)).

Notes, 1, Constraint (2,1) on the vector 5 is not imposed, When 8% = 0,
only the practical application of Theorem 3 is hampered since it is necessary to com-
pute the first terms in the expansion of the function ®@ (a, p) [5].

2. We can ascertain the regularity of the formation of the lower order terms (not
depending on w) in Eq, (2,6) (see, for example, the computation of the coefficient of o
in (2, 5)). However, the obtaining of these terms in explicit form proves to be inexpe-
dient in view of their cumbersomeness, It is more convenient to examine Eq, (2, 6) in
application to actual systems, Here we should take into account that in (2, 8) the order
of the function a® (), 0) is not lower than the order of the function V® (+®, 0, 0)
in (1,6). The latter fact essentially facilitates the composition of Eq, (2,6), For exam-
ple, suppose that to within higher order terms

V@ 0,00 =V D)+ ..., h)=hr"()+... k>

where V() are terms of sth order in »®, p® are terms of kth order in «. From Eq.
(2.7) we find the vector «® (a®, u)

a® (a®, 0) = a® (M) + ...
If the expansion of the function V¥ (1), 0, 0) starts with terms of order p < s

v om0 0y = pp oy L
then Eq, (2, 6) has the form
VIR @@y L4 2@ L oD (o) )y = 0
The author thanks S, N, Shimanov for attention to the work and for valuable advice.
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